
Evan Spruijt
(Physical Organic Chemistry)

HG03.020, tel. 52455, email: evan.spruijt@ru.nl

Roel Dullens (coord.) 
(Physics & Chemistry of Soft Matter)

HG03.061, tel. 53669, email: roel.dullens@ru.nl

Soft Matter



Acknowledgements

• Alice Thorneywork (Oxford)

• Dirk Aarts (Oxford)



Lectures and problem classes
• Lectures

– Tuesdays 08:30 – 10:15 (HG00.622)  

• Problem classes

– Thursdays 15:30 – 17:15 (HG00.308) 
...  this is where you practice, so 
this is where you learn it all  ...

... and the problems are 
representative for the exam!

Problems for problem classes (& study guide & answers)

http://www.dullenslab.com/teaching/softmatter and Brightspace (recorded lectures)

http://www.dullenslab.com/teaching/softmatter


Recommended literature

• Soft Matter Physics by M. Doi, Oxford University Press (2013)

• Soft Matter, concepts, phenomena and applications by W. van Saarloos, V. Vitelli and 
Z. Zeravcic, Princeton University Press, (2023)

• Molecular Driving Forces by K. A. Dill and S. Bromberg, (referred to as D & B)

• Intermolecular and Surface Forces by J. Israelachvili, 

• The Colloidal Domain by D. Fennell Evans & H. Wennerström, 

• Theory of the stability of lyophobic colloids, E. J. W. Verwey and J. Th. G. Overbeek

• ...



Required tools

• Mathematics

• Thermodynamics

• Statistical Mechanics

• Your brain 

• Practise (lots of it)

Mathematics & Thermodynamics

Statistical Mechanics

Soft Matter

What Soft Matter 

is built onto



Soft Matter:

Anything that is not a gas, simple liquid or hard solid…

States of Matter:

What is Soft Matter?



What is Soft Matter?
Anything that is not a gas, simple liquid or hard solid

• Gels
• Foams
• Elastomers
• Biological macromolecules
• Complex fluids (e.g. polymer/surfactant solutions)
• Liquid crystals
• Membranes and monolayers
• Colloids (paint, blood, ice-cream, chocolate, …)
• Granular matter (sand, salt, nuts, ...)

What do these systems have in common?



Textbook definition of Soft Matter

“Soft condensed matter is characterised by the weak interactions 
between polyatomic constituents, by important thermal fluctuation 
effects, by mechanical softness and by a rich range of behaviours”.

Chemical bonds not important

Way too difficult for QM

kBT instead of hn

That’s why it’s interesting!

Phase Transition in Soft Condensed Matter, ed. T. Riste & D. Sherrington, Plenum Press, 1989 (New York)

Easily deformable



Key characteristics of Soft Matter

• Multiple weak interactions
- Electrostatics (esp. charge-charge, also dipole-dipole)
- H-bonding
- Dispersion forces

• Entropy is really important
- Fluctuations
- Osmotic pressure

• Multiple length scales 
- Hierarchical structures & self assembly

• Multiple time scales

Randall Munroe, “What Makes Sand Soft?” in The New York Times (Nov 9, 2020)



Biology: soft matter come alive 
... a living cell ...

Mainly soft matter, but very complex! What should we do?

Building (simple) physical models that capture key behaviour

Prof David S. Goodsell , Scripps Research Institute (US)Dr Alison Dun, ESRIC (UK)

‘wave your hands …’



Contents of the course
• Introduction to Soft Matter

• Colloids

• Interactions between ‘macroscopic’ objects

• Brownian motion

• Polymers

• Interfaces and surfactants

• Optical microscopy and tweezing

• Mechanical properties of soft matter

• Q & A 



International Union of Pure and Applied Chemistry

“The term colloidal refers to a state of subdivision, implying that the 
molecules or polymolecular particles dispersed in a medium have at 
least in one direction a dimension roughly between 1 nm and 1 µm.”

What are colloids?
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Colloids in daily life

milk opals

paint bacteria



Colloidal particles as ‘big atoms’

According to this theory a dissolved molecule is differentiated from a 
suspended body solely by its dimensions, and it is not apparent why a 
number of suspended particles should not produce the same osmotic 
pressure as the same number of molecules.

Ann. d. Physik, 17, 549 (1905)
Albert Einstein

(1879-1955)



Colloidal particles as ‘big atoms’

Albert Einstein
(1879-1955)

Jean Perrin 
(1870-1942) 

10 µm

You can see them (with a microscope) ...

... and follow them: Brownian motion*

Brownian motion 3 µm particles

* Thermal fluctuations is a general property of soft matter also in 3D (lecture 5)



Structure and dynamics of colloidal 
gas, liquid and crystal

20 µm

Brownian motion & entropy-driven phase transitions (lecture 2)

Colloidal gas Colloidal liquid Colloidal crystal



From colloids to the existence of atoms 

Jean Perrin 
(1870-1942) 

Nobel Prize Physics 1926
“For his work on the discontinuous structure of matter, ...”

Brownian motion1 Sedimentation-equilibrium2

<latexit sha1_base64="JpuWSedZqj2/kkdQw24ZZmIWZ5Q=">AAAB/3icbVDLSsNAFL3xWesrKrhxM1gEVyURXxuh1o0rqWIf0IYwmU7aoZMHMxOhxCz8FTcuFHHrb7jzb5y2WWjrgQuHc+7l3nu8mDOpLOvbmJtfWFxaLqwUV9fWNzbNre2GjBJBaJ1EPBItD0vKWUjriilOW7GgOPA4bXqDq5HffKBCsii8V8OYOgHuhcxnBCstuebuwK2iC9TxBSbpXZbeuOllI8tcs2SVrTHQLLFzUoIcNdf86nQjkgQ0VIRjKdu2FSsnxUIxwmlW7CSSxpgMcI+2NQ1xQKWTju/P0IFWusiPhK5QobH6eyLFgZTDwNOdAVZ9Oe2NxP+8dqL8cydlYZwoGpLJIj/hSEVoFAbqMkGJ4kNNMBFM34pIH+solI6sqEOwp1+eJY2jsn1aPrk9LlWqeRwF2IN9OAQbzqAC11CDOhB4hGd4hTfjyXgx3o2PSeuckc/swB8Ynz8hXJWQ</latexit>

kB =
R

NAV
Experimental determination of Avogadro’s number!

2 Barometric height distribution: see problem set1 3rd year soft matter practical: ‘Cooking, Looking and Tweezing’



<latexit sha1_base64="iaDdg9fyYjDds81/dSjI9FPnD0o="></latexit>

lim
!h→0

Fup = → 1

n(h)

d!

dh

Sedimentation equilibrium: (osmotic) pressure
According to this theory a dissolved molecule is differentiated from a suspended body 
solely by its dimensions, and it is not apparent why a number of suspended particles 

should not produce the same osmotic pressure as the same number of molecules.

Van ’t Hoff’s Law:
<latexit sha1_base64="XKkbI0uLihNyGWd5q2Nh4MID0cQ=">AAAB8nicbVBNSwMxEJ2tX7V+VT16CRbBU9kVqV6EUi8eK/QLtkvJptk2NJssSVYoS3+GFw+KePXXePPfmLZ70NYHA4/3ZpiZFyacaeO6305hY3Nre6e4W9rbPzg8Kh+fdLRMFaFtIrlUvRBrypmgbcMMp71EURyHnHbDyf3c7z5RpZkULTNNaBDjkWARI9hYye83GboTk0GjhQblilt1F0DrxMtJBXI0B+Wv/lCSNKbCEI619j03MUGGlWGE01mpn2qaYDLBI+pbKnBMdZAtTp6hC6sMUSSVLWHQQv09keFY62kc2s4Ym7Fe9ebif56fmug2yJhIUkMFWS6KUo6MRPP/0ZApSgyfWoKJYvZWRMZYYWJsSiUbgrf68jrpXFW9WrX2eF2pN/I4inAG53AJHtxAHR6gCW0gIOEZXuHNMc6L8+58LFsLTj5zCn/gfP4A1MyQUw==</latexit>

⇧ = nkBT

Force balance

<latexit sha1_base64="Lcfezx7ko+P7g910xquk9o5DwkM="></latexit>

n(h) = n(0) exp

✓
��⇢V gh

kBT

◆
,

Barometric height distribution: see problem set

Reminder: osmotic pressure P

<latexit sha1_base64="TW284CiBOtGcIW2ixeVCcca22SM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh15D9MsVt+rOQVaJl5MK5Gj0y1+9QczSiCtkkhrT9dwE/YxqFEzyaamXGp5QNqZD3rVU0YgbP5ufOiVnVhmQMNa2FJK5+nsio5ExkyiwnRHFkVn2ZuJ/XjfF8NrPhEpS5IotFoWpJBiT2d9kIDRnKCeWUKaFvZWwEdWUoU2nZEPwll9eJa2Lqler1u4vK/WbPI4inMApnIMHV1CHO2hAExgM4Rle4c2Rzovz7nwsWgtOPnMMf+B8/gAir424</latexit>

⇧

<latexit sha1_base64="6IEFCPMXj6hqrcGCpWbRrBoFopw=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqjPqlsltx5yCrxMtJGXLU+6Wv3iBmaYTSMEG17npuYvyMKsOZwGmxl2pMKBvTIXYtlTRC7WfzQ6fk3CoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0LitetVJtXJVrt3kcBTiFM7gAD66hBvdQhyYwQHiGV3hzHp0X5935WLSuOfnMCfyB8/kD0YuM9w==</latexit>

h
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What determines behaviour of colloids?

• Interactions between ‘macroscopic’ objects (lectures 1 & 2)

- Attractive (van der Waals) forces (1)

- Repulsive double layer forces (1 & 2)

- DLVO potential (2)

• Brownian motion (lecture 2)
- Entropy and phase transitions

IMPORTANT

In this course we consider interactions and Brownian motion for colloids

BUT 

these concepts apply to Soft Matter systems in general!



Today’s lecture (1)

• Introduction to Soft Matter

• Colloids

– Van der Waals interactions

o  Hamaker constant

– Double layer repulsion

o  Poisson-Boltzmann equation

o  Debye length and electrical double layer



D

How about interactions between colloidal particles?
We have to consider surface interactions!

• Determines interactions between between ‘macroscopic’ objects

- Colloidal particles, cells, grains of sand, ...

• Note: ‘surface’ denotes a ‘thick surface’, i.e. not a monolayer

Surfaces are important at small length scales

<latexit sha1_base64="82hZwSMPHrNZQG4/cmZM+rFbRcg=">AAAB/3icbVC7TsMwFHXKq4RXAImFxaJCYqqSggpjgYWBoUi0RWpC5bhOa9V2IttBqkIHfoWFAYRY+Q02/ga3zQAtR7rS8Tn3yveeMGFUadf9tgoLi0vLK8VVe219Y3PL2d5pqjiVmDRwzGJ5FyJFGBWkoalm5C6RBPGQkVY4uBz7rQciFY3FrR4mJOCoJ2hEMdJG6jh7TV9RDq/vj6Hv2+f5o9JxSm7ZnQDOEy8nJZCj3nG+/G6MU06Exgwp1fbcRAcZkppiRka2nyqSIDxAPdI2VCBOVJBN9h/BQ6N0YRRLU0LDifp7IkNcqSEPTSdHuq9mvbH4n9dOdXQWZFQkqSYCTz+KUgZ1DMdhwC6VBGs2NARhSc2uEPeRRFibyGwTgjd78jxpVspetVy9OSnVLvI4imAfHIAj4IFTUANXoA4aAINH8AxewZv1ZL1Y79bHtLVg5TO74A+szx8z45RO</latexit>

V ⇠ L3

A ⇠ L2



D

surface 1 surface 2

molecule 1 molecule 2 ?

Approach: Just add up interactions ...

From molecular interactions to interactions 
between two ‘macroscopic’ surfaces?



I: Strong repulsion – Pauli principle

II: Difficult – overlap between electron clouds

III: Attractions due to:  - dipole – dipole 

- dipole – induced dipole

- induced dipole – induced dipole

I II III

0.2 nm 1 nm

First: two (neutral) molecules in vacuum…

<latexit sha1_base64="5AQJdzVg2SJW9lV3z50FDBzBYrQ="></latexit>

Udisp / �↵A↵B
IAIB

IA +AB

1

r6

<latexit sha1_base64="nVwfHINR17qfyJJ3zkQ51ju1E+Q="></latexit>

Uind / �↵B (µA)
2 1

r6

<latexit sha1_base64="feCrxLnYMxL5xSkr/dkioPCUiWE="></latexit>

Udip / � (µAµB)
2

T

1

r6

<latexit sha1_base64="2kiVotADXzQSPG0dooyG5tryFow=">AAACCXicbVDLSsNAFJ34rPUVdelmsAhurIlI67LYjbiqYB/QpGEymbRDZ5IwMxFKiEs3/oobF4q49Q/c+TdOHwttPXDhcM693HuPnzAqlWV9G0vLK6tr64WN4ubW9s6uubffknEqMGnimMWi4yNJGI1IU1HFSCcRBHGfkbY/rI/99j0RksbRnRolxOWoH9GQYqS05Jmw7mUBTXLoSMqhbfWy02o1f3AEz27OeN6reGbJKlsTwEViz0gJzNDwzC8niHHKSaQwQ1J2bStRboaEopiRvOikkiQID1GfdDWNECfSzSaf5PBYKwEMY6ErUnCi/p7IEJdyxH3dyZEayHlvLP7ndVMVXroZjZJUkQhPF4UpgyqG41hgQAXBio00QVhQfSvEAyQQVjq8og7Bnn95kbTOy3alXLm9KNWuZnEUwCE4AifABlVQA9egAZoAg0fwDF7Bm/FkvBjvxse0dcmYzRyAPzA+fwDbVZkv</latexit>

Cdip ⇠ 10�77 J/m6

<latexit sha1_base64="91Hk+3vRB6rbK4sgerU/bpuiEXM=">AAACCXicbVC7TsMwFHXKq5RXgJHFokJioSQItR0ruiCmItGH1KSR47itVTuJbAepisLIwq+wMIAQK3/Axt/gPgZoOZKlo3Pu1fU5fsyoVJb1beRWVtfWN/Kbha3tnd09c/+gJaNEYNLEEYtEx0eSMBqSpqKKkU4sCOI+I21/VJ/47XsiJI3COzWOicvRIKR9ipHSkmfCupfSMMigIymHttVLzyrV7MERPL0551mv7JlFq2RNAZeJPSdFMEfDM7+cIMIJJ6HCDEnZta1YuSkSimJGsoKTSBIjPEID0tU0RJxIN50myeCJVgLYj4R+oYJT9fdGiriUY+7rSY7UUC56E/E/r5uoftXVSeNEkRDPDvUTBlUEJ7XAgAqCFRtrgrCg+q8QD5FAWOnyCroEezHyMmldlOxyqXx7WaxdzevIgyNwDE6BDSqgBq5BAzQBBo/gGbyCN+PJeDHejY/ZaM6Y7xyCPzA+fwDZuJku</latexit>

Cind ⇠ 10�78 J/m6

<latexit sha1_base64="qr5ExWoAiysx5slmzuLDiMvrE9M=">AAACCnicbVC7SgNBFJ2Nrxhfq5Y2o0GwMe6KJJbBNGIVwTwgL2ZnZ5MhM7PLzKwQlrW18VdsLBSx9Qvs/Bsnj0ITD1w4nHMv997jRYwq7TjfVmZpeWV1Lbue29jc2t6xd/fqKowlJjUcslA2PaQIo4LUNNWMNCNJEPcYaXjDythv3BOpaCju9CgiHY76ggYUI22knn1Y6SU+VVEK24py6Drd5LRUSh/akic3ZzztFnt23ik4E8BF4s5IHsxQ7dlfbT/EMSdCY4aUarlOpDsJkppiRtJcO1YkQniI+qRlqECcqE4yeSWFx0bxYRBKU0LDifp7IkFcqRH3TCdHeqDmvbH4n9eKdXDZSaiIYk0Eni4KYgZ1CMe5QJ9KgjUbGYKwpOZWiAdIIqxNejkTgjv/8iKpnxfcYqF4e5EvX83iyIIDcAROgAtKoAyuQRXUAAaP4Bm8gjfryXqx3q2PaWvGms3sgz+wPn8AvPyZrA==</latexit>

Cdisp ⇠ 10�77 J/m6

<latexit sha1_base64="v/TZACVL/OLSB0nbK5V2TQAAek8=">AAACA3icbVDLSsNAFJ3UV62vqDvdDBbBjSURqW6EYjcuK5i20MYwmU7aoZMHMzdCCQE3/oobF4q49Sfc+TdOHwttPXDhcM693HuPnwiuwLK+jcLS8srqWnG9tLG5tb1j7u41VZxKyhwai1i2faKY4BFzgINg7UQyEvqCtfxhfey3HphUPI7uYJQwNyT9iAecEtCSZx44XkYA8it8inE3kIRm9TyT99Uce2bZqlgT4EViz0gZzdDwzK9uL6ZpyCKggijVsa0E3IxI4FSwvNRNFUsIHZI+62gakZApN5v8kONjrfRwEEtdEeCJ+nsiI6FSo9DXnSGBgZr3xuJ/XieF4NLNeJSkwCI6XRSkAkOMx4HgHpeMghhpQqjk+lZMB0QHATq2kg7Bnn95kTTPKna1Ur09L9euZ3EU0SE6QifIRheohm5QAzmIokf0jF7Rm/FkvBjvxse0tWDMZvbRHxifP3iYlso=</latexit>

Uatt = �C

r6



Next: 1 molecule and a half-space
1. molecule-molecule interaction

2. sum over all molecules in a ring at distance r

z

x

D

r
zx

3. integrate over z (lots of different ring sizes)

4. integrate over x

<latexit sha1_base64="UQeS8a8UVZa/KRV2gPjlG1xoDE8=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69LBbBiyURqR6LvXisYD+gTctmu2mXbjZhd6OUkP/hxYMiXv0v3vw3btMctPXBwOO9GWbmeRFnStv2t1VYW9/Y3Cpul3Z29/YPyodHbRXGktAWCXkoux5WlDNBW5ppTruRpDjwOO1408bc7zxSqVgoHvQsom6Ax4L5jGBtpMFF35eYJI00kYNaOixX7KqdAa0SJycVyNEclr/6o5DEARWacKxUz7Ej7SZYakY4TUv9WNEIkyke056hAgdUuUl2dYrOjDJCfihNCY0y9fdEggOlZoFnOgOsJ2rZm4v/eb1Y+zduwkQUayrIYpEfc6RDNI8AjZikRPOZIZhIZm5FZIJNDtoEVTIhOMsvr5L2ZdWpVWv3V5X6bR5HEU7gFM7BgWuowx00oQUEJDzDK7xZT9aL9W59LFoLVj5zDH9gff4AWK2Sbw==</latexit>

�C

r6

<latexit sha1_base64="d1eRTr90kzMuIHuKVBTgWePL9FE="></latexit>

� C

(x2 + z2)3
⇢2⇡zdzdx

<latexit sha1_base64="ZImIYONnhkFYlsd1eKT+temcst0="></latexit>

�C⇢2⇡dx

Z 1

0
dz

z

(x2 + z2)3
= �C⇢2⇡dx

1

4x4

<latexit sha1_base64="O6vW9Lmrj0VpfYczRcV6Dx381Uc=">AAACAnicbVDLSsNAFJ34rPUVdSVuBovgxpKoVJfFunBZwT6giWUynbRDJzNhZiKUENz4K25cKOLWr3Dn3zhts9DWAxcO59zLvfcEMaNKO863tbC4tLyyWlgrrm9sbm3bO7tNJRKJSQMLJmQ7QIowyklDU81IO5YERQEjrWBYG/utByIVFfxOj2LiR6jPaUgx0kbq2vsn0AslwqkXU1iDnhyILK1c359lXbvklJ0J4Dxxc1ICOepd+8vrCZxEhGvMkFId14m1nyKpKWYkK3qJIjHCQ9QnHUM5iojy08kLGTwySg+GQpriGk7U3xMpipQaRYHpjJAeqFlvLP7ndRIdXvop5XGiCcfTRWHCoBZwnAfsUUmwZiNDEJbU3ArxAJlEtEmtaEJwZ1+eJ83TslspV27PS9WrPI4COACH4Bi44AJUwQ2ogwbA4BE8g1fwZj1ZL9a79TFtXbDymT3wB9bnD5folk0=</latexit>

�⇡C⇢

6D3

... range of attractive interaction has increased …
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half space 1 half space 2

x

⇢1 ⇢2 1. sum over all molecules in a slab at distance x 
in half-space 1

Finally: 2 half-spaces

2. integrate over x

Hamaker constant:

per unit area

<latexit sha1_base64="U9vHzPhdfHOURs2e1jroHyUD0bk="></latexit>
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⇢1dx

<latexit sha1_base64="E8ndzqWUMyaejq1oA+ZG8qw7zIc="></latexit>
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<latexit sha1_base64="fPzfgV0dfSmZzPc+7BMihAot6go=">AAACBXicbVC7TsMwFHV4lvIKMMJgUSExVUmECgtSoQtjkehDakLkuG5r1bEj20Gqoi4s/AoLAwix8g9s/A1umwFajnR1j865V/Y9UcKo0o7zbS0tr6yurRc2iptb2zu79t5+U4lUYtLAggnZjpAijHLS0FQz0k4kQXHESCsa1iZ+64FIRQW/06OEBDHqc9qjGGkjhfbRVZi53vjST+i9B2vQlwMRurPmhXbJKTtTwEXi5qQEctRD+8vvCpzGhGvMkFId10l0kCGpKWZkXPRTRRKEh6hPOoZyFBMVZNMrxvDEKF3YE9IU13Cq/t7IUKzUKI7MZIz0QM17E/E/r5Pq3kWQUZ6kmnA8e6iXMqgFnEQCu1QSrNnIEIQlNX+FeIAkwtoEVzQhuPMnL5KmV3Yr5crtWal6ncdRAIfgGJwCF5yDKrgBddAAGDyCZ/AK3qwn68V6tz5mo0tWvnMA/sD6/AHCv5bZ</latexit>

A12 = ⇡2C⇢1⇢2



Hamaker constant quantifies the 
magnitude of the interaction

If materials 1 and 2 are not too dissimilar (or actually, have similar ionisation potentials), then   

Magnitude of A11 in 10-20 J
• Water  4
• Pentane 3.8
• Mica  10
• Metals  30-50

Remember: 1 kBT equals 0.4·10-20 J  
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A12 = ⇡2C⇢1⇢2
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Autumn, K. (2006). How gecko toes stick. American Scientist 94, 124-132. 

Van der Waals forces are strong! the GECKO



Nature inspired gecko-adhesives

Qu et al, Carbon Nanotube Arrays with Strong Shear Binding-On and Easy Normal Lifting-Off, Science 322, 238 (2008)



Two objects in a medium (3)
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Hamaker constant objects 1 and 2 in medium 3
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Interactions between ‘like’ objects 3
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• Interaction between like objects is always attractive

• Interaction between 131 is equal to 313

1 1



A132 may be larger or smaller than 0

attractive repulsive

Interactions between ‘unlike’ objects

𝐴!"# = 𝐴!# + 𝐴"" − 𝐴!" − 𝐴#"

31 2



Like objects: A131 in 10-20 J

A11   A131

• Cyclohexane 5.2   0.34 
• Mica   10   2
• Metals   30-50  30-40

across water (3)vacuum

 A132

• water – pentane – air  0.11
• octane – water – air -0.20
• quartz – water – air -1.0 

Remember: 1 kBT equals 0.4·10-20 J 

Unlike objects: A132 in 10-20 J

Typical values for Hamaker constants



Does oil spread on water? Alkanes on water

air (2)

alkane (3)

water (1)

air (2)

water (1)

alkane (3)
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U = � A132

12⇡D2

Look up Hamaker constants: 

Awater – octane – air = 0.51 10-20 J/m2

Awater – tetradecane – air = 5 10-20 J/m2

Very important in the field of wetting

Ross et al, Observation of short-range critical wetting, Nature 400, 737 (1999)

?
or



Van der Waals attraction between two spheres
Same idea but more difficult geometry
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Van der Waals attractions and colloids 

Interactions between ‘like’ objects are always attractive 

Why is a suspension of colloids/nanoparticles stable?

Answer: presence of repulsive interactions

1. Double layer repulsion (charge stabilisation)

2. Polymer adsorption (steric stabilisation)



Today’s lecture (1)

• Introduction to Soft Matter

• Colloids

– Van der Waals interactions

o  Hamaker constant

– Double layer repulsion

o  Poisson-Boltzmann equation

o  Debye length and electrical double layer



Charge stabilisation
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Why do surface charges prevent ‘particles’ from sticking together?

counter-ion

co-ion-

Entropy is behind this effect! (not just ‘like-charges’ repelling …)



Interaction between charged surfaces

12 CHAPTER 1. INTERACTIONS BETWEEN SURFACES

immersed in a 1:1 electrolyte with ions of charge +ze and �ze. The bulk number

density of each ion is n0. Assumptions (as for Debye-Hückel):

• Ions are point charges

• Ions experience the average potential due to all the other ions (mean-field

approximation)

• The solvent is a continuous uniform dielectric medium with relative permit-

tivity ✏.

The distribution of ions at position x in equilibrium is governed by the Boltzmann

distribution:

n+(x) = n0e
�ze�(x)/kBT and n�(x) = n0e

ze�(x)/kBT . (1.11)

We will now switch to the dimensionless electrostatic potential �(x) = ze�(x)/kBT ,

to keep writing simpler. The total charge density is the sum of the charge densities

of the two ions

⇢(x) = ⇢+(x) + ⇢�(x) = zen0

�
e��(x) � e+�(x)

�
= �2zen0 sinh�(x). (1.12)

We now invoke the Poisson equation, which provides another relationship between

⇢ and �:

d2�

dx2
= � ⇢

✏✏0
(1.13)

Combining eq. (1.12) and eq. (1.13) gives the (famous) Poisson-Boltzmann equation

d2�

dx2
= 2

z2e2n0

✏✏0kBT
sinh�(x). (1.14)

This equation can be solved exactly for two planar surfaces (to give the Gouy-

Chapman equation), but the solution for small potentials, �, is simpler. When

� ⌧ 1 (i.e. ze�/kBT ⌧ 1) we can expand the exponentials in the sinh as ex ⇠ 1+x

to obtain

d2�

dx2
=

2z2e2n0

✏✏0kBT
� = 2�. (1.15)
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immersedina1:1electrolytewithionsofcharge+zeand�ze.Thebulknumber

densityofeachionisn0.Assumptions(asforDebye-Hückel):
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Objective: 
Find expression for the repulsive interaction between two charged surfaces
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immersed in a 1:1 electrolyte with ions of charge +ze and �ze. The bulk number

density of each ion is n0. Assumptions (as for Debye-Hückel):

• Ions are point charges

• Ions experience the average potential due to all the other ions (mean-field
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• The solvent is a continuous uniform dielectric medium with relative permit-
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⇢ and �:
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Interactions between charged surfaces
Method: 

1. Calculate the number density distribution of ions and charge 

density near a charged surface 

2. Determine the electrostatic potential near a charged surface

3. Calculate the repulsion between two charged surfaces*

* Lecture 2

Assumptions (same as in Debye-Hückel theory): 

• Ions are point charges (± ze of a 1:1 salt)

• Ions feel average potential due to all other ions

• Solvent is continuous uniform dielectric medium with 
relative permittivity e
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<latexit sha1_base64="h0Ffg/IZ78JiETLHhZiyJuqf/S4=">AAACEHicbVC7SgNBFJ31GeMramkzGMTYhF2RKFZBG8sI5gHZJcxOZpMhszvLzF1JWPIJNv6KjYUitpZ2/o2TZAtNPDBwOOfeO5zjx4JrsO1va2l5ZXVtPbeR39za3tkt7O03tEwUZXUqhVQtn2gmeMTqwEGwVqwYCX3Bmv7gZuI3H5jSXEb3MIqZF5JexANOCRipUzhx4z4vDU+vsAtsCCkTjIKSGoxPcSyBRcCJGHcKRbtsT4EXiZORIspQ6xS+3K6kSWj2qSBatx07Bi8lytwVbJx3E81iQgekx9qGRiRk2kungcb42ChdHEhlXgR4qv7eSEmo9Sj0zWRIoK/nvYn4n9dOILj0Uh7FiQlGZx8FicAg8aQd3OXK5BcjQwhVfNIB7RNFKJgO86YEZz7yImmclZ1KuXJ3XqxeZ3Xk0CE6QiXkoAtURbeohuqIokf0jF7Rm/VkvVjv1sdsdMnKdg7QH1ifP2C3nXs=</latexit>

�(x) : electrostatic potential



<latexit sha1_base64="YDsjS4MZCPZRtSYCa4+Jke53QXg="></latexit>

�(x) = ze�(x)� : dimensionless electrostatic potential

Number and charge density distributions

Number density near a charged surface:

12 CHAPTER 1. INTERACTIONS BETWEEN SURFACES

immersed in a 1:1 electrolyte with ions of charge +ze and �ze. The bulk number

density of each ion is n0. Assumptions (as for Debye-Hückel):

• Ions are point charges

• Ions experience the average potential due to all the other ions (mean-field

approximation)

• The solvent is a continuous uniform dielectric medium with relative permit-

tivity ✏.

The distribution of ions at position x in equilibrium is governed by the Boltzmann

distribution:

n+(x) = n0e
�ze�(x)/kBT and n�(x) = n0e

ze�(x)/kBT . (1.11)

We will now switch to the dimensionless electrostatic potential �(x) = ze�(x)/kBT ,

to keep writing simpler. The total charge density is the sum of the charge densities

of the two ions

⇢(x) = ⇢+(x) + ⇢�(x) = zen0

�
e��(x) � e+�(x)

�
= �2zen0 sinh�(x). (1.12)

We now invoke the Poisson equation, which provides another relationship between

⇢ and �:

d2�

dx2
= � ⇢

✏✏0
(1.13)

Combining eq. (1.12) and eq. (1.13) gives the (famous) Poisson-Boltzmann equation

d2�

dx2
= 2

z2e2n0

✏✏0kBT
sinh�(x). (1.14)

This equation can be solved exactly for two planar surfaces (to give the Gouy-

Chapman equation), but the solution for small potentials, �, is simpler. When

� ⌧ 1 (i.e. ze�/kBT ⌧ 1) we can expand the exponentials in the sinh as ex ⇠ 1+x

to obtain

d2�

dx2
=

2z2e2n0

✏✏0kBT
� = 2�. (1.15)
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�0 : surface potential
<latexit sha1_base64="h0Ffg/IZ78JiETLHhZiyJuqf/S4=">AAACEHicbVC7SgNBFJ31GeMramkzGMTYhF2RKFZBG8sI5gHZJcxOZpMhszvLzF1JWPIJNv6KjYUitpZ2/o2TZAtNPDBwOOfeO5zjx4JrsO1va2l5ZXVtPbeR39za3tkt7O03tEwUZXUqhVQtn2gmeMTqwEGwVqwYCX3Bmv7gZuI3H5jSXEb3MIqZF5JexANOCRipUzhx4z4vDU+vsAtsCCkTjIKSGoxPcSyBRcCJGHcKRbtsT4EXiZORIspQ6xS+3K6kSWj2qSBatx07Bi8lytwVbJx3E81iQgekx9qGRiRk2kungcb42ChdHEhlXgR4qv7eSEmo9Sj0zWRIoK/nvYn4n9dOILj0Uh7FiQlGZx8FicAg8aQd3OXK5BcjQwhVfNIB7RNFKJgO86YEZz7yImmclZ1KuXJ3XqxeZ3Xk0CE6QiXkoAtURbeohuqIokf0jF7Rm/VkvVjv1sdsdMnKdg7QH1ifP2C3nXs=</latexit>

�(x) : electrostatic potential

Charge density near a charged surface:

⇢(x) = �2zen0 sinh [�(x)]

<latexit sha1_base64="YSX00NAGuJNNE9uxlVhBZTirWRk="></latexit>

n+(x) = n0 exp [��(x)]
<latexit sha1_base64="9MpsH97PhDR0HcJHOeU4QP8G7Ck=">AAACF3icbVDLSitBEO3xba5Xoy7dFIYLitwwI6JuBNGNywhGhcww9HRqksaenqG7RgzBv3Djr7hxoYhb3fk3dmIWvg4UHM6poqpOUihpyfffvLHxicmp6ZnZyp+5v/ML1cWlU5uXRmBT5Co35wm3qKTGJklSeF4Y5Fmi8Cy5OBz4Z5dorMz1CfUKjDLe0TKVgpOT4mpdx//XrtZhD0DHPkCIVwWEClOCFmxA2OjKgR0a2ekSRHG15tf9IeAnCUakxkZoxNXXsJ2LMkNNQnFrW4FfUNTnhqRQeF0JS4sFFxe8gy1HNc/QRv3hX9fwzyltSHPjShMM1c8TfZ5Z28sS15lx6trv3kD8zWuVlO5GfamLklCLj0VpqYByGIQEbWlQkOo5woWR7lYQXW64IBdlxYUQfH/5JzndrAfb9e3jrdr+wSiOGbbCVtkaC9gO22dHrMGaTLAbdsce2KN36917T97zR+uYN5pZZl/gvbwDGPmcMg==</latexit>

n�(x) = n0 exp [+�(x)]



<latexit sha1_base64="YDsjS4MZCPZRtSYCa4+Jke53QXg="></latexit>

�(x) = ze�(x)� : dimensionless electrostatic potential

Charge density distribution and Poisson’s law

Charge density near a charged surface:

Poisson’s Law:

r2� = � ⇢

✏✏0

⇢(x) = �2zen0 sinh [�(x)]
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immersed in a 1:1 electrolyte with ions of charge +ze and �ze. The bulk number

density of each ion is n0. Assumptions (as for Debye-Hückel):

• Ions are point charges

• Ions experience the average potential due to all the other ions (mean-field

approximation)

• The solvent is a continuous uniform dielectric medium with relative permit-

tivity ✏.

The distribution of ions at position x in equilibrium is governed by the Boltzmann

distribution:

n+(x) = n0e
�ze�(x)/kBT and n�(x) = n0e

ze�(x)/kBT . (1.11)

We will now switch to the dimensionless electrostatic potential �(x) = ze�(x)/kBT ,

to keep writing simpler. The total charge density is the sum of the charge densities

of the two ions

⇢(x) = ⇢+(x) + ⇢�(x) = zen0

�
e��(x) � e+�(x)

�
= �2zen0 sinh�(x). (1.12)

We now invoke the Poisson equation, which provides another relationship between

⇢ and �:

d2�

dx2
= � ⇢

✏✏0
(1.13)

Combining eq. (1.12) and eq. (1.13) gives the (famous) Poisson-Boltzmann equation

d2�

dx2
= 2

z2e2n0

✏✏0kBT
sinh�(x). (1.14)

This equation can be solved exactly for two planar surfaces (to give the Gouy-

Chapman equation), but the solution for small potentials, �, is simpler. When

� ⌧ 1 (i.e. ze�/kBT ⌧ 1) we can expand the exponentials in the sinh as ex ⇠ 1+x

to obtain

d2�

dx2
=

2z2e2n0

✏✏0kBT
� = 2�. (1.15)
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�0 : surface potential
<latexit sha1_base64="h0Ffg/IZ78JiETLHhZiyJuqf/S4=">AAACEHicbVC7SgNBFJ31GeMramkzGMTYhF2RKFZBG8sI5gHZJcxOZpMhszvLzF1JWPIJNv6KjYUitpZ2/o2TZAtNPDBwOOfeO5zjx4JrsO1va2l5ZXVtPbeR39za3tkt7O03tEwUZXUqhVQtn2gmeMTqwEGwVqwYCX3Bmv7gZuI3H5jSXEb3MIqZF5JexANOCRipUzhx4z4vDU+vsAtsCCkTjIKSGoxPcSyBRcCJGHcKRbtsT4EXiZORIspQ6xS+3K6kSWj2qSBatx07Bi8lytwVbJx3E81iQgekx9qGRiRk2kungcb42ChdHEhlXgR4qv7eSEmo9Sj0zWRIoK/nvYn4n9dOILj0Uh7FiQlGZx8FicAg8aQd3OXK5BcjQwhVfNIB7RNFKJgO86YEZz7yImmclZ1KuXJ3XqxeZ3Xk0CE6QiXkoAtURbeohuqIokf0jF7Rm/VkvVjv1sdsdMnKdg7QH1ifP2C3nXs=</latexit>

�(x) : electrostatic potential



d2�(x)

dx2
= 2 sinh [�(x)]

Poisson-Boltzmann equation (1D)

Exact solution for planar surface: Gouy-Chapman equation*

�(x) = �0e
�x

d2�(x)

dx2
= 2�(x) linearised Poisson-Boltzmann Eq.

Approximation for small potentials:

<latexit sha1_base64="QUd3eF8M9HkODoargnV5G+IYhVA=">AAACH3icbVBNS8NAEN34WetX1aOXxSLUS0lEqheh6MVjBfsBTSib7aZdutmE3Ym2hP4TL/4VLx4UEW/9N27bHLT1wcDjvRlm5vmx4Bpse2KtrK6tb2zmtvLbO7t7+4WDw4aOEkVZnUYiUi2faCa4ZHXgIFgrVoyEvmBNf3A79ZuPTGkeyQcYxcwLSU/ygFMCRuoUKq5gAeC2K3jYSYfYVbzXB6JU9IRdLgMYjbFb6/PS8Axf25mNvU6haJftGfAycTJSRBlqncK3241oEjIJVBCt244dg5cSBZwKNs67iWYxoQPSY21DJQmZ9tLZf2N8apQuDiJlSgKeqb8nUhJqPQp90xkS6OtFbyr+57UTCK68lMs4ASbpfFGQCAwRnoaFu1wxCmJkCKGKm1sx7RNFKJhI8yYEZ/HlZdI4LzuVcuX+oli9yeLIoWN0gkrIQZeoiu5QDdURRc/oFb2jD+vFerM+ra9564qVzRyhP7AmP9wsojY=</latexit>h
lim
x!1

�(x) = 0
i

* Not derived here

<latexit sha1_base64="z7h/xyDNnkxalVrVbaogZOkmZdE="></latexit>

�1 =

r
✏✏0kBT

2e2n0z2
Debye length



How well does the linearization work?

Linearised Poisson-Boltzmann equation: �(x) = �0e
�x

0.0 0.5 1.0 1.5 2.0
0.0

0.2

0.4

0.6

0.8

1.0
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�(x)

<latexit sha1_base64="meZIlVYS0yXHxqvMXSqHrElpTVM=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rGC/YA2lMl20y7dJOvuRiyhf8KLB0W8+ne8+W/ctjlo64OBx3szzMwLpODauO63s7K6tr6xWdgqbu/s7u2XDg6bOkkVZQ2aiES1A9RM8Jg1DDeCtaViGAWCtYLRzdRvPTKleRLfm7FkfoSDmIecorFSuztCKZE89Uplt+LOQJaJl5My5Kj3Sl/dfkLTiMWGCtS647nS+Bkqw6lgk2I31UwiHeGAdSyNMWLaz2b3TsipVfokTJSt2JCZ+nsiw0jrcRTYzgjNUC96U/E/r5Oa8MrPeCxTw2I6XxSmgpiETJ8nfa4YNWJsCVLF7a2EDlEhNTaiog3BW3x5mTTPK161Ur27KNeu8zgKcAwncAYeXEINbqEODaAg4Ble4c15cF6cd+dj3rri5DNH8AfO5w/O/Y/W</latexit>x

<latexit sha1_base64="mQaG0RqfUuAYfQqfzWgwOwj1R7I=">AAAB+nicbVDLSsNAFJ3UV62vVJduBovgqiRFqxuh6MZlBfuAJoTJdNIOnZmEmYlSYv0TNy4UceuXuPNvnLZZaOuBC4dz7uXee8KEUaUd59sqrKyurW8UN0tb2zu7e3Z5v63iVGLSwjGLZTdEijAqSEtTzUg3kQTxkJFOOLqe+p17IhWNxZ0eJ8TnaCBoRDHSRgrsspcMaeBc1s6ePMkz3p4EdsWpOjPAZeLmpAJyNAP7y+vHOOVEaMyQUj3XSbSfIakpZmRS8lJFEoRHaEB6hgrEifKz2ekTeGyUPoxiaUpoOFN/T2SIKzXmoenkSA/VojcV//N6qY4u/IyKJNVE4PmiKGVQx3CaA+xTSbBmY0MQltTcCvEQSYS1SatkQnAXX14m7VrVrVfrt6eVxlUeRxEcgiNwAlxwDhrgBjRBC2DwAJ7BK3izHq0X6936mLcWrHzmAPyB9fkDqqCTpA==</latexit>

�0 = 25 mV
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�(x)

<latexit sha1_base64="meZIlVYS0yXHxqvMXSqHrElpTVM=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rGC/YA2lMl20y7dJOvuRiyhf8KLB0W8+ne8+W/ctjlo64OBx3szzMwLpODauO63s7K6tr6xWdgqbu/s7u2XDg6bOkkVZQ2aiES1A9RM8Jg1DDeCtaViGAWCtYLRzdRvPTKleRLfm7FkfoSDmIecorFSuztCKZE89Uplt+LOQJaJl5My5Kj3Sl/dfkLTiMWGCtS647nS+Bkqw6lgk2I31UwiHeGAdSyNMWLaz2b3TsipVfokTJSt2JCZ+nsiw0jrcRTYzgjNUC96U/E/r5Oa8MrPeCxTw2I6XxSmgpiETJ8nfa4YNWJsCVLF7a2EDlEhNTaiog3BW3x5mTTPK161Ur27KNeu8zgKcAwncAYeXEINbqEODaAg4Ble4c15cF6cd+dj3rri5DNH8AfO5w/O/Y/W</latexit>x

<latexit sha1_base64="j0AHdF2qmQ2Usx2jjQmLx5wamg8=">AAAB+3icbVDLSgMxFM34rPU11qWbYBFclYxIdSMU3bisYB/QGYZMmmlDk8yQZMQy1E9x40IRt/6IO//GtJ2Fth64cDjnXu69J0o50wahb2dldW19Y7O0Vd7e2d3bdw8qbZ1kitAWSXiiuhHWlDNJW4YZTrupolhEnHai0c3U7zxQpVki7804pYHAA8liRrCxUuhW/HTIQnTlIfTkK5GL9iR0q6iGZoDLxCtIFRRohu6X309IJqg0hGOtex5KTZBjZRjhdFL2M01TTEZ4QHuWSiyoDvLZ7RN4YpU+jBNlSxo4U39P5FhoPRaR7RTYDPWiNxX/83qZiS+DnMk0M1SS+aI449AkcBoE7DNFieFjSzBRzN4KyRArTIyNq2xD8BZfXibts5pXr9XvzquN6yKOEjgCx+AUeOACNMAtaIIWIOARPINX8OZMnBfn3fmYt644xcwh+APn8wcTk5PY</latexit>

�0 = 100 mV

Exact Poisson-Boltzmann equation (Gouy-Chapman*)

<latexit sha1_base64="gh/pddIpHHoIBQFOpXb5PS7XpHw="></latexit>

�(x) = 2 ln


1 + tanh(�0/4)e�x

1� tanh(�0/4)e�x

�

* Please don’t learn this!



Ion distributions calculated from potentials

n+(x) = n0e
��(x)

n�(x) = n0e
+�(x)

• Excess of negative counter-ions

• Depletion of positive co-ions

for a positive charged surface <latexit sha1_base64="mQaG0RqfUuAYfQqfzWgwOwj1R7I=">AAAB+nicbVDLSsNAFJ3UV62vVJduBovgqiRFqxuh6MZlBfuAJoTJdNIOnZmEmYlSYv0TNy4UceuXuPNvnLZZaOuBC4dz7uXee8KEUaUd59sqrKyurW8UN0tb2zu7e3Z5v63iVGLSwjGLZTdEijAqSEtTzUg3kQTxkJFOOLqe+p17IhWNxZ0eJ8TnaCBoRDHSRgrsspcMaeBc1s6ePMkz3p4EdsWpOjPAZeLmpAJyNAP7y+vHOOVEaMyQUj3XSbSfIakpZmRS8lJFEoRHaEB6hgrEifKz2ekTeGyUPoxiaUpoOFN/T2SIKzXmoenkSA/VojcV//N6qY4u/IyKJNVE4PmiKGVQx3CaA+xTSbBmY0MQltTcCvEQSYS1SatkQnAXX14m7VrVrVfrt6eVxlUeRxEcgiNwAlxwDhrgBjRBC2DwAJ7BK3izHq0X6936mLcWrHzmAPyB9fkDqqCTpA==</latexit>

�0 = 25 mV

�(x) = �0e
�x
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n0 = 1
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Close to surface: electrical double layer



• n–(x) and n+(x) become equal and approach n0

• k-1 is a measure for the size of the electrical double layer
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The electrical double layer and Debye length
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immersed in a 1:1 electrolyte with ions of charge +ze and �ze. The bulk number

density of each ion is n0. Assumptions (as for Debye-Hückel):

• Ions are point charges

• Ions experience the average potential due to all the other ions (mean-field

approximation)

• The solvent is a continuous uniform dielectric medium with relative permit-

tivity ✏.

The distribution of ions at position x in equilibrium is governed by the Boltzmann

distribution:

n+(x) = n0e
�ze�(x)/kBT and n�(x) = n0e

ze�(x)/kBT . (1.11)

We will now switch to the dimensionless electrostatic potential �(x) = ze�(x)/kBT ,

to keep writing simpler. The total charge density is the sum of the charge densities

of the two ions

⇢(x) = ⇢+(x) + ⇢�(x) = zen0

�
e��(x) � e+�(x)

�
= �2zen0 sinh�(x). (1.12)

We now invoke the Poisson equation, which provides another relationship between

⇢ and �:

d2�

dx2
= � ⇢

✏✏0
(1.13)

Combining eq. (1.12) and eq. (1.13) gives the (famous) Poisson-Boltzmann equation

d2�

dx2
= 2

z2e2n0

✏✏0kBT
sinh�(x). (1.14)

This equation can be solved exactly for two planar surfaces (to give the Gouy-

Chapman equation), but the solution for small potentials, �, is simpler. When

� ⌧ 1 (i.e. ze�/kBT ⌧ 1) we can expand the exponentials in the sinh as ex ⇠ 1+x

to obtain

d2�

dx2
=

2z2e2n0

✏✏0kBT
� = 2�. (1.15)
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� = �
Z 1

0
⇢(x)dx

Relation surface potential f0 and surface 
charge density s

Is the linear Poisson-Boltzmann equation any good for colloids?

problem set

⇢(x) ⇡ �2zen0�(x)

Electro–neutrality: 

Surface charge density must be exactly matched by the integrated charge density in the solution  
<latexit sha1_base64="0dSrW7iiUAqSHfMMOqHQM4rWHLY="></latexit>
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0
⇢(x)dx = ✏✏0�0



What happens when two charged 
surfaces approach each other?
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immersed in a 1:1 electrolyte with ions of charge +ze and �ze. The bulk number

density of each ion is n0. Assumptions (as for Debye-Hückel):

• Ions are point charges

• Ions experience the average potential due to all the other ions (mean-field

approximation)

• The solvent is a continuous uniform dielectric medium with relative permit-

tivity ✏.

The distribution of ions at position x in equilibrium is governed by the Boltzmann

distribution:

n+(x) = n0e
�ze�(x)/kBT and n�(x) = n0e

ze�(x)/kBT . (1.11)

We will now switch to the dimensionless electrostatic potential �(x) = ze�(x)/kBT ,

to keep writing simpler. The total charge density is the sum of the charge densities

of the two ions

⇢(x) = ⇢+(x) + ⇢�(x) = zen0

�
e��(x) � e+�(x)

�
= �2zen0 sinh�(x). (1.12)

We now invoke the Poisson equation, which provides another relationship between

⇢ and �:

d2�

dx2
= � ⇢

✏✏0
(1.13)

Combining eq. (1.12) and eq. (1.13) gives the (famous) Poisson-Boltzmann equation

d2�

dx2
= 2

z2e2n0

✏✏0kBT
sinh�(x). (1.14)

This equation can be solved exactly for two planar surfaces (to give the Gouy-

Chapman equation), but the solution for small potentials, �, is simpler. When

� ⌧ 1 (i.e. ze�/kBT ⌧ 1) we can expand the exponentials in the sinh as ex ⇠ 1+x

to obtain

d2�

dx2
=

2z2e2n0

✏✏0kBT
� = 2�. (1.15)
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immersedina1:1electrolytewithionsofcharge+zeand�ze.Thebulknumber

densityofeachionisn0.Assumptions(asforDebye-Hückel):

•Ionsarepointcharges

•Ionsexperiencetheaveragepotentialduetoalltheotherions(mean-field

approximation)

•Thesolventisacontinuousuniformdielectricmediumwithrelativepermit-

tivity✏.

ThedistributionofionsatpositionxinequilibriumisgovernedbytheBoltzmann

distribution:

n+(x)=n0e
�ze�(x)/kBTandn�(x)=n0e

ze�(x)/kBT.(1.11)

Wewillnowswitchtothedimensionlesselectrostaticpotential�(x)=ze�(x)/kBT,

tokeepwritingsimpler.Thetotalchargedensityisthesumofthechargedensities

ofthetwoions

⇢(x)=⇢+(x)+⇢�(x)=zen0

�
e��(x)�e+�(x)

�
=�2zen0sinh�(x).(1.12)

WenowinvokethePoissonequation,whichprovidesanotherrelationshipbetween

⇢and�:

d2�

dx2
=�⇢

✏✏0
(1.13)

Combiningeq.(1.12)andeq.(1.13)givesthe(famous)Poisson-Boltzmannequation

d2�

dx2
=2

z2e2n0

✏✏0kBT
sinh�(x).(1.14)

Thisequationcanbesolvedexactlyfortwoplanarsurfaces(togivetheGouy-

Chapmanequation),butthesolutionforsmallpotentials,�,issimpler.When

�⌧1(i.e.ze�/kBT⌧1)wecanexpandtheexponentialsinthesinhasex⇠1+x

toobtain

d2�

dx2
=

2z2e2n0

✏✏0kBT
�=2�.(1.15)
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Lecture 2!


