
Fundamentals of Condensed Matter
(lecture 5)
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Summary lecture 4

• Radial distribution function g(r)

• Expression for g(r) in terms of ZN

• Compressibility relation

• Total correlation function
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Content of the Liquids part (lectures 1-6)

• Recap thermodynamics and phase diagrams

• Recap statistical mechanics and classical statistical mechanics

• Second virial coefficient and model liquids

• Structure of liquids and compressibility relation

• Ornstein-Zernike relation and link to (scattering) experiments

• Relation g(r) with interactions and thermodynamics and recap

Today’s lecture (5)



Today’s lecture (5)
• Ornstein-Zernike relation

– Direct correlation function

– Fourier transform of Ornstein-Zernike
• Link to thermodynamics, interactions, structure and scattering

• Scattering and microscopy experiments (on liquids)
– Light scattering and Rayleigh ratio

– Scattering by small, large and many large particles

– The structure factor

– Measuring structure factors and radial distribution functions



Orstein-Zernike equation

direct part indirect part

link pair potential to structure

Split total interaction in direct and indirect part
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Direct correlation function c(r)

range c(r) much shorter than g(r) and h(r), but similar to f (r)



Link structure and pair potential

Very difficult, non-linear integral equation

closure relations

relate c(r) to f (r) and/or h(r)
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Results for hard spheres



Today’s lecture (5)
• Ornstein-Zernike relation

– Direct correlation function

– Fourier transform of Ornstein-Zernike
• Link to thermodynamics, interactions, structure and scattering

• Scattering and microscopy experiments (on liquids)
– Light scattering and Rayleigh ratio

– Scattering by small, large and many large particles

– The structure factor

– Measuring structure factors and radial distribution functions



Fourier transform of Ornstein-Zernike equation

Rearrange

Fourier transform
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Links to scattering and compressibility 

(structure factor S(K), 2nd hour)
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1 + ⇢ĥ(K = 0) = ⇢kBTT (compressibility kT at K = 0)

Links between 

Thermodynamics

Structure

Interactions

Scattering
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Today’s lecture (5)
• Ornstein-Zernike relation

– Direct correlation function

– Fourier transform of Ornstein-Zernike
• Link to thermodynamics, interactions, structure and scattering

• Scattering and microscopy experiments (on liquids)
– Light scattering and Rayleigh ratio

– Scattering by small, large and many large particles

– The structure factor

– Measuring structure factors and radial distribution functions
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The electric field of light

direction

wave vector (3D)
wavelength of light in vacuum

angular frequency speed of light

<latexit sha1_base64="uhSIFt5f0MmQHBShOG9hNOab5DY="></latexit>

~E (~r, t) = ~E0 cos
⇣
!t� ~k · ~r

⌘



Origin of light scattering
oscillating electric dipoles

emits electromagnetic field

scattered light (ls=l0)

http://physics.usask.ca/~hirose/ep225/radiation.htm



Rayleigh ratio R(q)

• independent of apparatus constants I0 , R and Vs (scattering volume)

• Rayleigh ratio: measure for intensity scattered light

(per particle!) 
q 

q : angle between incident and scattered light
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Scattering vector K
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Today’s lecture (5)
• Ornstein-Zernike relation

– Direct correlation function

– Fourier transform of Ornstein-Zernike
• Link to thermodynamics, interactions, structure and scattering

• Scattering and microscopy experiments (on liquids)
– Light scattering and Rayleigh ratio

– Scattering by small, large and many large particles

– The structure factor

– Measuring structure factors and radial distribution functions
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Scattering by small particles: Rayleigh scattering 
all charges oscillate in phase

Tyndall effect

scattered intensity:

Almere, Netherlands, Photo by Jesper Albers
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Scattering by large particles

1. Particle = collection of Rayleigh scatterers

2. Spatial distribution of Rayleigh scatterers

3. Phase differences between scattered light

4. Interference à total scattered light 

Interference due to scattering within a particle 

Form factor P(K)
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Scattering by many large particles: structure factor

Interference due to scattering by different particles 

Structure factor S(K)



Rayleigh ratio for scattering in concentrated systems

Interference due to scattering by different particles 

Structure Factor S(K)

Interference due to scattering within a particle 

Form Factor P(K)

R(K à 0): forward scattering
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Structure factor for concentrated systems

Interference due to scattering 
by different particles

with

structure factor S(K)

0

!
Ri

!
Rj
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S(K) for homogeneous systems (like liquids)

For very dilute systems:

( )
( ) !

!
→
→

!"
#$
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Link between S(K), h(r) and c(r)

• S(K) is related to the Fourier transform of the total correlation function h(r) = g(r) -1

• … and also to the Fourier transform of the direct correlation function c(r)
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Link between S(K) and thermo at K à 0
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Combine with compressibility relation (from lecture 4):



Links structure factor and statistical mechanics
Ornstein-Zernike and scattering provide link between

• Thermodynamics: compressibility kT
• Structure: total correlation function h(r)

• Interactions: direct correlation function c(r)

• Experiments (and simulations): structure factor S(K)
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1� ⇢ĉ(K)



Today’s lecture (5)
• Ornstein-Zernike relation

– Direct correlation function

– Fourier transform of Ornstein-Zernike
• Link to thermodynamics, interactions, structure and scattering

• Scattering and microscopy experiments (on liquids)
– Light scattering and Rayleigh ratio

– Scattering by small, large and many large particles

– The structure factor

– Measuring structure factors and radial distribution functions



Example: equation of state for hard spheres

C.G. de Kruif, W.J. Briels, R.P. May, A. Vrij, Langmuir 4 (1988) 668-676
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Actually ... microscopy also works ...
... for colloidal liquids!

We know all the single particle coordinates ... so we can directly compute g(r) and S(K)
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Radial distribution function
161106-2 Thorneywork et al. J. Chem. Phys. 140, 161106 (2014)
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FIG. 2. The radial distribution function g(r) of a single component hard-disk system at three different packing fractions: (a) φt = 0.346, (b) φt = 0.514, and (c)
φt = 0.649, as obtained from the experiments (symbols) and the theory (lines). Note that panels (a) and (b) show data for the small particles (q = 0) and panel
(c) for the large particles (q = 1).

Our colloidal system consists of carboxylic acid func-
tionalized melamine formaldehyde particles (Microparticles
GmbH) with hard sphere diameters of σ s = 2.79 µm and σ l

= 4.04 µm dispersed in a 20/80 v/v% ethanol/water mixture.
The polydispersities of the small and large particles are 2.1%
and 1.2%, respectively, as determined by scanning electron
microscopy. The particles are allowed to sediment onto the
base of a glass sample cell with a height of 200 µm, which is
cleaned before use with a 2% solution of Hellmanex. The par-
ticle mass density of 1.57 g/ml results in a gravitational length
of 0.07 µm and 0.02 µm for the small and large particles, re-
spectively. As this is a fraction of the size of the particles,
the out of plane fluctuations are negligible and the system is
structurally two-dimensional.

The colloidal system is imaged using an Olympus
CKX41 inverted bright-field microscope equipped with a
PixeLink CMOS camera (1280 × 1080 pixels). Particle
coordinates are subsequently obtained from the microscopy
images with an error of 12 ± 10 nm using standard parti-
cle tracking software.39 At the highest measured total pack-
ing fraction φt for each of the different compositions, there
are typically between 3000 and 4000 particles in each frame.
Large and small particles are readily distinguished based upon
the integrated brightness of the features found. The total
packing fraction is varied over a range from approximately
φt = 0.05 to 0.76 for six different systems with relative pack-
ing fractions, q = φl/φt, of approximately 0, 0.17, 0.37, 0.50,
0.71, and 1. Here, φl is the packing fraction of the large par-
ticles. Figure 1(a) shows a state diagram with all the exper-
imental compositions studied and Fig. 1(b) shows a typical
snapshot of the binary system at q = 0.71 and φt = 0.67.

The partial radial distribution functions gij(r) are com-
puted from the particle coordinates according to1

xixjgij (r) = 1
ρ
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, (1)

with N the total number of particles, ρ = N/A the total number
density of the system (A is the surface area), xi, j = Ni, j/N the
fraction of species i or j, and rµ, ν the position of particle µ of

species i or ν of species j, respectively. In a single component
system particles µ and ν are by necessity of the same species,
but in a mixture we can define radial distribution functions
for i and j representing the same or different particle species.
For the binary system considered here, this results in the fol-
lowing three partial radial distribution functions, gss(r), gll(r),
and gls(r) = gsl(r), which depend upon correlations between
like or unlike particles. The experimental radial distribution
functions are averaged over at least 200 frames.

In order to compare the experimentally measured radial
distribution functions with theoretical predictions we calcu-
late gij(r) within the framework of classical density functional
theory40 (DFT) using the so-called test particle route. In this
method one fluid particle of component i = s, l is fixed at the
origin of the frame of reference and thereby turned into an
external field for the rest of the system. The inhomogeneous
density distributions ρ

(i)
j (r) of species j = s, l, of the fluid

mixture, subjected to an external field of a fixed particle of
species i, are calculated numerically by minimizing the den-
sity functional. From the density distributions one can obtain
the radial distribution functions directly:

gij (r) =
ρ

(i)
j (r)

ρj

. (2)

Since we are interested in the radial distribution functions
of fluid mixtures, we require a DFT for hard-disk mixtures.
Fundamental measure theory41, 42 is a reliable and versatile
DFT approach for hard-body mixtures. Despite this, an ac-
curate FMT functional for hard-disk mixtures has only re-
cently been constructed and, up to now, only been applied to
one-component systems.43

To compare the experimental data to our FMT calcula-
tions the size ratio, α = σ l/σ s, of the particles in the mixture
must be considered. For the experimental system in 3D the
size ratio is α = 4.04/2.79 ≈ 1.45, but at the base of the sam-
ple cell the centers of the small and large particles are not in
the same plane. This makes the mixture slightly non-additive,
i.e., σ ls = (1/2)(σ ll + σ ss)(1 + ') with ' "= 0. By project-
ing the centers of a large and a small particle in contact onto
the base plane one finds an effective size ratio of αeff ≈ 1.41,
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Equation of state from g(r)
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For (2D) hard spheres:
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Figure 1.1: The radial distribution function, g(r), and the corresponding static structure factors,
S(k), for monodisperse systems. (a) and (b) show g(r) and S(k) for the 4.04 µm system at four
values of total area fraction, �t as indicated in (a). Plots for �t = 0.56, 0.39 and 0.25 are shifted
upwards by 2, 4 and 6 units respectively. (c) and (d) show the equivalent plots for the 2.79 µm
system at area fractions as indicated in (c).

very similar to the radial distribution function. However, here, the function is plotted in terms

of an inverse lengthscale, and as such, while the first peak in both functions is the result of

structure on the lengthscale of a particle diameter, subsequent peaks in S(k) relate to real space

distances smaller than one particle diameter. Structure at small k, therefore, relates to real-

space structure which exists over a distance of many particle diameters, with the k ! 0 limit

providing information about the system at infinite lengthscales and hence, the thermodynamic

limit. As with g(r) this is normalized so that the k ! 1 limit is 1 whilst the k ! 0 limit may

be equated with the isothermal compressibility as

S(k ! 0) = ⇢kBT�T . (1.6)

1.3 RESULTS AND DISCUSSION 11

(a) (b)

Figure 1.5: The small k limit of the structure factor for monodisperse (a) small and (b) large
particle systems. Values at k = 0 are those determined by an analysis of fluctuations. Lines
show a fit of the form S(k) = a+ bk2 + ck4 + ....

an infinite system, and this is achieved by computing the number fluctuations as a function

of box length for multiple box sizes and subsequently extrapolating to infinite box length to

determine S(k) ! 0. To have a well defined length we split the frame into an m x m grid

of squares, where m runs from 1 to 14, with the lengths of the sides of each square therefore

Lm = 1000/m pixels (an example of this is shown in Figure 1.4a). As a result the number of

boxes considered increases with decreasing boxsize and so statistics are significantly better for

the smaller box sizes providing that the density of the system is not such that there are very

few particles in each box. While the number fluctuations for each concentration and box length

are calculated over 500-700 frames, to ensure that su�cient statistics are achieved for each box

size we compare the expected gaussian form of the distribution. Only results with su�ciently

gaussian number distributions (as quantified by the adj-r of the fit- what is this adj-r thing?)

are used for the extrapolation (see Figure 1.4b).

The limits as determined from both the extrapolation and the result of the fluctuation

analysis are shown in Figure 1.5 with the original static structure factors. For most systems,

reasonable agreement is seen between the apparent limit of the measured S(k), the limit calcu-

lated from number fluctuations and the extrapolation. The limit of S(k ! 0) is connected to

the equation of state for the system as

1

S(k ! 0)
=

@�P

@⇢
. (1.11)
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Figure 1.6: A comparison of the theoretical expression for the k ! 0 limit of S(k) (Equa-
tion (1.13)) with the experimentally determined limit from an analysis of fluctuations (filled
symbols) and the fit as described in eq. (1.9) (open symbols) for the two monodisperse systems.

If we again describe the equation of state from scaled particle theory, this implies

@�P

@⇢
=

1 + �

(1� �)3
(1.12)

and as such

S(k ! 0) =
(1� �)3

1 + �
. (1.13)

In Figure 1.6 we show the the prediction from Equation (1.13) with the experimental values of

1/S(k = 0) calculated using both the extrapolation and the analysis of number fluctuations.

Good agreement between the equation of state and the experimental estimation at low area

fractions, but this deteriorates at higher area fraction. This may be due to insu�cient statistics

for the higher area fractions, where a greater length of time is required for the system to sam-

ple enough di↵erent configurations, requiring more data to fully capture the behaviour of the

fluctuations.
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Content of the Liquids part (lectures 1-6)

• Recap thermodynamics and phase diagrams

• Recap statistical mechanics and classical statistical mechanics

• Second virial coefficient and model liquids

• Structure of liquids and compressibility relation

• Ornstein-Zernike relation and link to (scattering) experiments

• Relation g(r) with interactions and thermodynamics and recap Next lecture (6)

* Problems 13 – 15 of problem set 3 are associated to lecture 5

*


