
Fundamentals of Condensed Matter
(lecture 6)



Summary lecture 5
• Ornstein-Zernike equation

• Fourier transform of Ornstein-Zernike

• Structure factor (scattering)

• Links Ornstein-Zernike and structure factor
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Content of the Liquids part (lectures 1-6)

• Recap thermodynamics and phase diagrams

• Recap statistical mechanics and classical statistical mechanics

• Second virial coefficient and model liquids

• Structure of liquids and compressibility relation

• Ornstein-Zernike relation and link to (scattering) experiments

• Relation g(r) with interactions and thermodynamics and recap Today, lecture (6)



Today’s lecture (6)
• Relation of g(r) with interactions and thermodynamics

– Potential of mean force

– Relation g(r) and f(r) at low densities

– Average potential energy

– Back to Van der Waals: internal energy

• Recap Liquids
– worked example problems

– Summary liquids

– From simple to complex fluids 



Potential of mean force w(r)
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Related to probability that particle 1 is anywhere, any particle 2 at 
distance r from particle 1, irrespective of N-2 other particles

Related to average force <f(r)> acting on particle 1, keeping 1 and 2 
fixed (at distance r), irrespective of N-2 other particles



Relation g(r) and pair potential f(r) (at small r)
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[problem set: correspondence g(r) and f(r) ]
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g(r) is then 𝐞−𝐰(𝐫)/(𝐤𝐁𝐓).  The function w(r) is generally a considerably more complicated 
object than the mere pair potential u(r), since it involves the effects of particles 1 and 2 on the 
configurations of the other particles. We can separate w(r) into two parts: w(r) = u(r) + Δw(r). 
The pair potential, u(r), describes the reversible work to move the particles in a vacuum. Δw(r) 
is the contribution to w(r) due to surrounding particles in the system. Clearly, in the low density 
limit ρ → 0, Δw(r)=0. By measuring g(r) in a very diluted colloidal suspension the pair potential 
can be obtained. At higher concentrations the structure in g(r) becomes more apparent and there 
is no longer a simple relation with the pair potential.  

 

 
In summary, by looking (or calculating) the pair correlation function we can learn the 
following: 

1. Regions of r with g(r) > 1 (g(r) < 1) have a larger (lower) probability of finding a second 
particle from a given one at r = 0 than for an ideal gas at the same T and ρ. 

2. The peaks correspond to diffuse shells, for increasing r, of next neighbours, second next 
neighbours and so on. They are representative of the granularity of the suspension. 

3. The position of the first peak denotes the mean distance between neighbouring particles. 
For hard spheres r = σ, where σ is the particle diameter. 

4. The width of the peaks is the correlation length of the interactions. The broader the 
peaks, the longer is the range of interaction.   

5. The height of the first peak is linked to the strength of interaction, gR
peak < gHS

peak <
gA
peak, 

where R, HS and A stand for ‘repulsive’, ‘hard sphere’, and ‘attractive’ pair potentials. 
 

Thanks to Ivo Buttinoni (Duesseldorf)



Average potential energy and g(r)
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More intuitively:

average number of particles at 
distance r from central particle
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Problem 4: internal energy:

Problem 9: pair potential:
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Problem 9: Van der Waals parameters:



Problem set: mean potential energy square-well
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Three routes from g(r) to thermodynamics
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Today’s lecture (6)
• Relation of g(r) with interactions and thermodynamics

– Potential of mean force

– Relation g(r) and f(r) at low densities

– Average potential energy

– Back to Van der Waals: internal energy

• Recap Liquids
– worked example problems

– Summary liquids

– From simple to complex fluids 



Problem 7 (old exam question)
Problem set 2 – Liquids

Problem 7

The classical configuration integral is given by

ZN =

Z
...

Z
e
��U(⌧1,...,⌧N )d⌧1...d⌧N ,

where U(⌧1, ..., ⌧N ) is the total potential energy and � = 1/(kBT ).

a) Explain what is meant by pair-wise additivity and give the corresponding expression for U in terms
of the pair potential between particles i and j, �(rij) = �ij .

b) Use your above expression for U in terms of �ij within the pair-wise additivity approximation
together with the definition of the Mayer f -function, fij ⌘ e

���ij � 1, to show that ZN can be
written as

ZN =

Z
...

Z NY

i>j

(1 + fij) d⌧1...d⌧N .

c) Explain the significance of the Mayer f -function in performing the integrals in ZN . Include in your
answer a sketch of a realistic/reasonable pair potential �ij and the corresponding Mayer f -function
fij .

Problem 8

For a monatomic system the second virial coe�cient is given explicitly by

B2(T ) = �2⇡

Z 1

0

⇣
e
���(r) � 1

⌘
r
2
dr

where �(r) is the intermolecular pair potential and � = 1/(kBT ).

a) Sketch the square well potential defined as follows:

�(r) =

8
><

>:

1 r < �

�✏ �  r  ��

0 r > ��

b) Find an expression for the second virial coe�cient for this potential.

c) The properties of Ar gas can be described using the square well potential with � = 3.067Å,� = 1.70
and ✏/kB = 93.3K. Calculate the predicted value of the Boyle temperature.

Problem 9

The pair potential between molecules forming an imperfect gas can be described by the following inter-
action potential

�(r) =

(
1 r < �

� A
r6 r � �

where A = 1.11⇥ 10�78 J m6 is an interaction parameter and � = 0.356 nm is the hard sphere diameter.

7



Problem 12 (old exam question)

Problem 11

In this problem we will obtain the expression for the radial distribution function g(r) in terms of the
configuration integral ZN (derived in lecture 4) in a slighly di↵erent way.

(a) Consider a one-component fluid. The probability that any particle is in d⌧1 at r1 and any second
particle in d⌧2 at r2, irrespective of the positions of the other N �2 particles, can also be expressed
in terms of the pair correlation function g

(2)(r1, r2) :

⇢
2
g
(2)(r1, r2)d⌧1d⌧2. (⇢ = N/V ) Eq. 1

What would the above probability be if all the particles were independent of each other? In other
words, what would the value of g(2) be in this case and explain that the factor g

(2) thus corrects
for the “non-independence”, i.e. the correlations between the particles.

Note that for isotropic and homogeneous systems such as liquids and gases, g(2)(r1, r2) only depends
on the relative distance between particles 1 and 2: g

(2)(|r1 � r2|) = g(r), which is of course the
radial distribution function.

b) As we have seen in lecture 4, the probability that particle 1 is in d⌧1 at r1 and particle 2 is in d⌧2

at r2, irrespective of the positions of the other N � 2 particles, is:
R
d⌧3 · · ·

R
d⌧Ne

��U(... )
d⌧1d⌧2

ZN
. Eq. 2

Explain that the probability that any particle is in d⌧1 and any second particle in d⌧2, irrespective
of the positions of the other N � 2 particles, is the above probability multiplied by N !

(N�2)! .

c) Show that

N !

⇢2(N � 2)!
= V

2


1�

✓
1

N

◆�
. Eq. 3

d) Combine Eqs. 1 and 3 from parts a) and c) with your answer to part b) to obtain the expression
for the radial distribution function g(r) in terms of the configuration integral ZN (which was also
derived in lecture 4):

g(r) =
V

2

ZN

Z
d⌧3 · · ·

Z
d⌧Ne

��U(... )
.

Problem 12

The compressibility equation is given by

1 + 4⇡⇢

Z 1

0
h(r)r2dr = ⇢kBTT , Eq. 1

where ⇢ = N
V is the number density, h(r) ⌘ g(r)� 1 the total correlation function and T = � 1

V

⇣
@V
@p

⌘

T
the isothermal compressibility.

(a) Show that the isothermal compressibility can be rewritten as

T =
1

⇢

✓
@⇢

@p

◆

T

.
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Problem 12 (old exam question)
The second virial coe�cient is given by

B2(T ) = �2⇡

Z 1

0

⇣
e
���(r) � 1

⌘
r
2dr, Eq. 2

where �(r) is the interaction pair potential as a function of the separation r and � = 1/(kBT ).

(b) In the limit of small ⇢ we can assume that the radial distribution function g(r) = exp(��(r)�).
Use this to show that in the low density limit the compressibility equation can be written in terms
of B2 as

1� 2⇢B2 = kBT

✓
@⇢

@p

◆

T

.

(c) Show that for small ⇢ this can be approximated as

✓
@p

@⇢

◆

T

= kBT (1 + 2⇢B2 + . . . ) .

and, hence, obtain an expression for the pressure. Comment on your answer.

10
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From simple to complex fluids*

* Basic concepts for simple and complex liquids, Jean-Louis Barrat and Jean-Pierre Hansen, Cambridge University Press (2003) 

T

p

solid

liquid

gas

• Simple one-component substance

• Small, quasi-spherical molecules

Simple fluids Complex fluids

• Complex interactions (dipoles, H-bonding, ...)

• Multicomponent systems

• Non-spherical substances: liquid crystals

• Macromolecular systems: polymers

• Multi-phase systems: colloidal suspensions

Thanks to Peter Bolhuis (now UvA)



A few examples of complex fluids work in the IMM

• Polymer solutions

• Emulsions

• Liquid crystals

• Surfactant solutions

• Colloidal fluids

• Biological fluids

• ...

Peter Korevaar Lab
Spruijt Lab

with Cu2+, however, a coordination geometry study reveals that
the binding of metals occurs almost exclusively via side chains of
the amino acid residues37. This gives PNIPAm the specificity in
the staining procedure as there is no such side chain present in
PEG. Different shapes with PNIPAm staining were examined
after removal of the excess free PNIPAm in solution (Fig. 4 and
Supplementary Fig. 5). Because of the entangled structure,
one Cu2+ would coordinate with 4 or 6 amides allowing for the
visualization of PNIPAm (presented as black dots) via multiple

coordination, since one PNIPAm10k chain contains in principle
88 amides. Moreover, PNIPAm only appear in the membrane
where the protrusions were generated at lower PNIPAm con-
centration (Fig. 4b, c and Supplementary Fig. 5a, b). In poly-
mersomes with two tentacles, the PNIPAm black dots are not as
intense, and no dots were observed in areas with no protrusion
(Fig. 4b1-b2). In polymersomes with four tentacles, the PNIPAm
black dots are darker than polymersomes with two tentacles with
some dots observed in areas with no protrusion (Fig. 4c1-c2).
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Fig. 2 Curvature formation of polymersomes via PNIPAm insertion. a Schematic representation of the curvature formation of polymersomes. The
variation of LCST of PNIPAm in the volume fraction of water-cononsolvent (THF:Dioxane= 4:1) detected by UV–vis spectroscopy (b). The relation
between increase of formed tentacles and the PNIPAm concentration. 100 particles were analyzed from each sample (c). TEM(d1-i1), SEM (d2-i2), Cryo-
SEM (d3-i3) images depicting the formation of the polymersome membrane curvature during an increase of the PNIPAm concentration (5 µg, 10 µg, 25 µg,
50 µg, 100 µg and 200 µg). Samples were quenched after addition of 23.08% organic solvent. Scale bar 500 nm.
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From simple liquids to colloids and soft matter
R. Evans, D. Frenkel, M. Dijkstra, Phys. Today 72, 38 (2019)

“Colloids provide a crucial link between simple liquids and complex fluids and soft matter.”



Colloids provide a crucial link between simple 
liquids and complex fluids and soft matter

... we cook them, we look at them and tweez them ...

161106-2 Thorneywork et al. J. Chem. Phys. 140, 161106 (2014)
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FIG. 2. The radial distribution function g(r) of a single component hard-disk system at three different packing fractions: (a) φt = 0.346, (b) φt = 0.514, and (c)
φt = 0.649, as obtained from the experiments (symbols) and the theory (lines). Note that panels (a) and (b) show data for the small particles (q = 0) and panel
(c) for the large particles (q = 1).

Our colloidal system consists of carboxylic acid func-
tionalized melamine formaldehyde particles (Microparticles
GmbH) with hard sphere diameters of σ s = 2.79 µm and σ l

= 4.04 µm dispersed in a 20/80 v/v% ethanol/water mixture.
The polydispersities of the small and large particles are 2.1%
and 1.2%, respectively, as determined by scanning electron
microscopy. The particles are allowed to sediment onto the
base of a glass sample cell with a height of 200 µm, which is
cleaned before use with a 2% solution of Hellmanex. The par-
ticle mass density of 1.57 g/ml results in a gravitational length
of 0.07 µm and 0.02 µm for the small and large particles, re-
spectively. As this is a fraction of the size of the particles,
the out of plane fluctuations are negligible and the system is
structurally two-dimensional.

The colloidal system is imaged using an Olympus
CKX41 inverted bright-field microscope equipped with a
PixeLink CMOS camera (1280 × 1080 pixels). Particle
coordinates are subsequently obtained from the microscopy
images with an error of 12 ± 10 nm using standard parti-
cle tracking software.39 At the highest measured total pack-
ing fraction φt for each of the different compositions, there
are typically between 3000 and 4000 particles in each frame.
Large and small particles are readily distinguished based upon
the integrated brightness of the features found. The total
packing fraction is varied over a range from approximately
φt = 0.05 to 0.76 for six different systems with relative pack-
ing fractions, q = φl/φt, of approximately 0, 0.17, 0.37, 0.50,
0.71, and 1. Here, φl is the packing fraction of the large par-
ticles. Figure 1(a) shows a state diagram with all the exper-
imental compositions studied and Fig. 1(b) shows a typical
snapshot of the binary system at q = 0.71 and φt = 0.67.

The partial radial distribution functions gij(r) are com-
puted from the particle coordinates according to1

xixjgij (r) = 1
ρ

〈
1
N

Ni∑

µ=1

Nj∑

ν "=µ

δ(r + rµ − rν)

〉

, (1)

with N the total number of particles, ρ = N/A the total number
density of the system (A is the surface area), xi, j = Ni, j/N the
fraction of species i or j, and rµ, ν the position of particle µ of

species i or ν of species j, respectively. In a single component
system particles µ and ν are by necessity of the same species,
but in a mixture we can define radial distribution functions
for i and j representing the same or different particle species.
For the binary system considered here, this results in the fol-
lowing three partial radial distribution functions, gss(r), gll(r),
and gls(r) = gsl(r), which depend upon correlations between
like or unlike particles. The experimental radial distribution
functions are averaged over at least 200 frames.

In order to compare the experimentally measured radial
distribution functions with theoretical predictions we calcu-
late gij(r) within the framework of classical density functional
theory40 (DFT) using the so-called test particle route. In this
method one fluid particle of component i = s, l is fixed at the
origin of the frame of reference and thereby turned into an
external field for the rest of the system. The inhomogeneous
density distributions ρ

(i)
j (r) of species j = s, l, of the fluid

mixture, subjected to an external field of a fixed particle of
species i, are calculated numerically by minimizing the den-
sity functional. From the density distributions one can obtain
the radial distribution functions directly:

gij (r) =
ρ

(i)
j (r)

ρj

. (2)

Since we are interested in the radial distribution functions
of fluid mixtures, we require a DFT for hard-disk mixtures.
Fundamental measure theory41, 42 is a reliable and versatile
DFT approach for hard-body mixtures. Despite this, an ac-
curate FMT functional for hard-disk mixtures has only re-
cently been constructed and, up to now, only been applied to
one-component systems.43

To compare the experimental data to our FMT calcula-
tions the size ratio, α = σ l/σ s, of the particles in the mixture
must be considered. For the experimental system in 3D the
size ratio is α = 4.04/2.79 ≈ 1.45, but at the base of the sam-
ple cell the centers of the small and large particles are not in
the same plane. This makes the mixture slightly non-additive,
i.e., σ ls = (1/2)(σ ll + σ ss)(1 + ') with ' "= 0. By project-
ing the centers of a large and a small particle in contact onto
the base plane one finds an effective size ratio of αeff ≈ 1.41,
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Figure 1.1: The radial distribution function, g(r), and the corresponding static structure factors,
S(k), for monodisperse systems. (a) and (b) show g(r) and S(k) for the 4.04 µm system at four
values of total area fraction, �t as indicated in (a). Plots for �t = 0.56, 0.39 and 0.25 are shifted
upwards by 2, 4 and 6 units respectively. (c) and (d) show the equivalent plots for the 2.79 µm
system at area fractions as indicated in (c).

very similar to the radial distribution function. However, here, the function is plotted in terms

of an inverse lengthscale, and as such, while the first peak in both functions is the result of

structure on the lengthscale of a particle diameter, subsequent peaks in S(k) relate to real space

distances smaller than one particle diameter. Structure at small k, therefore, relates to real-

space structure which exists over a distance of many particle diameters, with the k ! 0 limit

providing information about the system at infinite lengthscales and hence, the thermodynamic

limit. As with g(r) this is normalized so that the k ! 1 limit is 1 whilst the k ! 0 limit may

be equated with the isothermal compressibility as

S(k ! 0) = ⇢kBT�T . (1.6)
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Figure 2: Assembly of banana-shaped colloidal particles. (A–C) Confocal microscopy images of
concentrated samples of colloidal bananas: (A) Isotropic phase in highly curved colloidal bananas ( =
0.25 µm�1). (B) Splay-bend nematic phase in colloidal bananas with low curvature ( = 0.07 µm�1). The
upper halfs of (A) and (B) show the bananas coloured according to their polar orientation (see inset in panel
(A). (C) Colloidal vortices formed by mixing two di↵erently curved populations of bananas. The upper half
shows the bananas coloured according to their curvature . (D) Polarised optical microscopy image showing
both the structure and birefringence of defects in colloidal banana-shaped liquid crystals. (E) Confocal
microscopy image of topological defects in colloidal banana-shaped liquid crystals. (F) Optical microscopy
images showing the e↵ect of an AC electric field in a dilute dispersion of colloidal bananas. The direction of
the electric field is perpendicular to the image plane. Scale bars are (A,B,D,E) 10 µm and (C,F) 20 µm.

single-particle resolution in general, which underlines the potential and transformative impact of our
bananas. As the smooth curvature of banana-shaped particles not only promotes splay-bend but
also twist-bend deformations in concentrated samples [14, 16], our colloidal bananas should allow
us to experimentally observe the chiral twist-bend nematic phase at the colloidal length scale. This
will enable us to uncover the mechanism underlying the spontaneous chiral symmetry breaking in
systems of achiral banana-shaped particles [12–15]. To this end, it will be particularly important
to image and resolve the three-dimensional structure of these complex liquid crystalline phases,
which is indeed possible with our SU-8 based colloidal bananas as they can be simultaneously mass
density and refractive index matched when dispersed in mixtures of organic solvents.

Interestingly, due to the ability to carefully control the curvature of our colloidal bananas, we are
also in the perfect position to address the phase behaviour of mixtures of two or more populations
of di↵erently curved bananas. In a preliminary experiment, we have already seen the formation of
very exciting structures, such as the ‘colloidal vortices’ shown in Fig. 2C. From an analysis of the
curvature of the bananas, shown in the upper half of Fig. 2C, it is already clear that fractionation
in the particle curvature leads to the self-assembly of this completely new ‘colloidal vortices’ phase.
Importantly, these vortices are not seen in single-component banana samples, which is thus a clear
indication that particle curvature and, in particular the polydispersity in this curvature, has a
crucial impact on the exotic self-assembly behaviour of banana-shaped colloidal particles.

Objective 2: Colloidal bananas in external fields

The behaviour of liquid crystals in external fields is tremendously important for the functioning
of liquid crystal displays. The optical properties of liquid crystalline materials – often characterised
by their birefringence – are of crucial importance for such display applications. This is exactly
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Content of the Liquids part (lectures 1-6)

ü  Recap thermodynamics and phase diagrams

ü  Recap statistical mechanics and classical statistical mechanics

ü  Second virial coefficient and model liquids

ü  Structure of liquids and compressibility relation

ü  Ornstein-Zernike relation and link to (scattering) experiments

ü  Relation g(r) with interactions and thermodynamics and recap

Thank you


